Small generators of quadratic fields and reduced elements  by Kihel, Omar & Lizotte, Jason
Journal of Number Theory 132 (2012) 1888–1895Contents lists available at SciVerse ScienceDirect
Journal of Number Theory
www.elsevier.com/locate/jnt
Small generators of quadratic ﬁelds and reduced elements
Omar Kihel ∗, Jason Lizotte
Department of Mathematics, Brock University, St. Catharines, ON, L2S3A1, Canada
a r t i c l e i n f o a b s t r a c t
Article history:
Received 8 April 2011
Revised 29 February 2012
Accepted 29 February 2012
Available online 27 April 2012
Communicated by Michael E. Pohst
MSC:
11R11
Keywords:
Height of an element
Quadratic ﬁeld
Prime decomposition
A conjecture of Ruppert
Reduced element
Text. Ruppert proved that there is a constant d2 such that
every imaginary quadratic number ﬁeld with discriminant DK has
a generator α which satisﬁes H(α) d2
√|DK |, where H(α) is the
height of α. The constant d2 in Ruppert’s result is non-effective.
Ruppert conjectured that one can take d2 = 3.2. In the ﬁrst part
of this paper, we give an effective version to Ruppert’s result and
deduce Ruppert’s conjecture in many cases. Ruppert proved some
results about the height of the reduced elements in a real quadratic
ﬁeld. In the second part of this paper, among other results, we
establish a best possible constant for a result of Ruppert connecting
the heights of reduced elements and generators of quadratic ﬁelds.
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1. Introduction
Let K be a number ﬁeld of degree n over Q and α a generator of K with minimal polynomial
f (x) = anxn + an−1xn−1 + · · · + a1x+ a0, where ai ∈ Z and gcd(an, . . . ,a0) = 1. Deﬁne the height of α
by
H(α) = max(|an|, . . . , |a0|).
Several people proved lower bounds for the height of generators of number ﬁelds; Mahler (see [4])
for the ground ﬁeld k = Q and then Silverman (see [7]) for arbitrary ground ﬁelds. Ruppert (see [5]
and [3]) proved the following theorem:
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O. Kihel, J. Lizotte / Journal of Number Theory 132 (2012) 1888–1895 1889Theorem 1.1. For every n ∈ N, there is a real number cn > 0 such that if α generates a number ﬁeld K of
degree n and discriminant DK , then
H(α) cn|DK | 12n−2 .
One can take cn = 1n√n .
A similar result to Theorem 1.1 has been proved by Silverman (see [7] or Theorem 1.2.13 in [1]).
However, not a lot is known about upper bounds for the smallest generators.
For the quadratic ﬁelds, Ruppert (see [5]) proved the following theorem:
Theorem 1.2.
1. There is a constant d2 > 0 such that every imaginary quadratic ﬁeld K of discriminant DK has a genera-
tor α with H(α) d2
√|DK |.
2. Every real quadratic ﬁeld K of discriminant DK has a generator α with H(α) <
√
DK . The element α can
be chosen integral.
The constant d2 in Theorem 1.2 is non-effective, but based on numerical examples, Ruppert
(see [5, p. 18]) conjectured the following:
Conjecture 1.3. If K is a quadratic imaginary ﬁeld with discriminant DK , then there exists a generator α of K
such that:
H(α) 3.22
√|DK |.
In the ﬁrst part of this paper, we give an effective version to Theorem 1.2. We prove the following.
Theorem 1.4.
(i) If K is an imaginary quadratic ﬁeld with discriminant D and p is a prime that splits in K , then there exists
an α such that K =Q(α) and
H(α) p√
3
√|D|.
(ii) If K is an imaginary quadratic ﬁeld with discriminant D, then there exists a prime p that ramiﬁes in K
and an α such that K =Q(α) and
H(α) p√
3
√|D|.
Theorem 1.4 implies Ruppert’s conjecture for all imaginary quadratic number ﬁelds admitting a
non-inert small prime. It is worth mentioning that Arms in his PhD thesis (see [1]) proved Con-
jecture 1.3 by assuming the Generalized Riemann Hypothesis. In the second part of this paper, we
improve some results of Ruppert and prove other new results.
2. Ruppert’s conjecture for imaginary quadratic ﬁelds
Let K be an imaginary quadratic ﬁeld of discriminant D < 0. Ruppert (see [5]) proved that there
exists a constant d2 such that if K is an imaginary quadratic ﬁeld with discriminant D , then there
exists a generator α of K such that H(α)  d2
√|D|. Unfortunately, the constant d2 is non-effective.
In Theorem 1.4, we gave an effective version to this result.
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exists an inﬁnite collection (a,b, c) ∈ N3 such that D = b2 − 4ac. We then suppose that a  c (oth-
erwise, we change a to c). From these elements, we choose the one with the smallest c. In the case
where there is more than one element with minimal c, from this collection we choose the one with
the smallest a. We set this element to be (A, B,C). Therefore, we have
B2 − D = 4AC
with A  C . We then get the following equality:
B2 + 4A2 − 4AB − D = 4AC + 4A2 − 4AB,
(B − 2A)2 − D = 4A(C + A − B).
Then we deduce that C + A− B  C since C is minimal, where this implies that A  B . The possibility
A > C + A − B cannot occur. In fact, the triple (A, B,C) has been chosen such that C is the smallest c
to satisfy the equation D = b2 − 4ac, and if there are more than one such c, we pick up the one with
the smallest a. Then, if A > C + A − B , the equation (B − 2A)2 − D = 4A(C + A − B) implies that
A  C because C is minimal. But, from above, we have A  C . Then, A = C . Hence, we have 2 triples
satisfying D = b2 − 4ac with the same smallest c, namely, (A, B,C) and (C + A − B, B − 2A, A = C).
But the triple (A, B,C) has been chosen to have the smallest a, which implies that A  C + A − B .
Then the possibility A > C + A − B cannot occur. Hence
A2 − D  4AC  4A2,
whereupon,
B  A 
√ |D|
3
.
Let p be a prime that splits in Q(
√
D ).
If p | C , then
B2 − D = 4(pA)
(
C
p
)
.
Then pA  C because C is minimal. Hence,
C  p
√ |D|
3
.
If p  C , then we have two cases:
Case 1. If p | A, then p  B because otherwise p | D , which is a contradiction since p splits in
Q(
√
D ). Hence, there exists k0 ∈ {1,2, . . . , p − 1} such that p divides C − k0B , which implies that
C+k20 A−k0B
p is an integer. From the following equality
(B − 2k0A)2 − D = 4pA
(
C + k20A − k0B
p
)
,
we deduce that pA  C or C+k
2
0 A−k0B
p  C since C is minimal.
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√
|D|
3 .
• If C+k20 A−k0Bp  C , then k20A − k0B  (p − 1)C . Therefore, C  k0A − B < pA  p
√
|D|
3 .
Case 2. If p  A, and α is a root of the polynomial x2 − Bx + AC , then Q(α) = Q(√D ). Since p
splits in Q(
√
D ), there exists an integer x0 ∈ {1,2, . . . , p − 1} such that x20 − Bx0 + AC ≡ 0 mod p.
Also, p does not divide A, so there exists k0 ∈ {1,2, . . . , p − 1} such that x0 ≡ Ak0 mod p. Then
x20 − Bx0 + AC ≡ (Ak0)2 − B(Ak0) + AC ≡ A(C + k20A − k0B) mod p. Hence, C+k
2
0 A−k0B
p is an integer.
In the same way as in Case 1, we deduce from the equality
(B − 2k0A)2 − D = 4pA
(
C + k20A − k0B
p
)
,
that pA  C or C+k
2
0 A−k0B
p  C . Hence pA  C , which gives
C < p
√ |D|
3
.
Hence, we have
B  A 
√ |D|
3
and C  p
√ |D|
3
,
where D = B2 − 4AC is the discriminant of the quadratic ﬁeld Q(√D ), so it is easy to see that
gcd(A, B,C) = 1. Let α be the root of the polynomial Ax2 − Bx + C , so Q(α) = Q(√D ) and H(α)
p√
3
√|D|.
(ii) Let A, B , and C be as in part (i), then, B  A 
√
|D|
3 . Hence, it is not diﬃcult to prove that
there exists a prime p such that p | D and p  B . Then p  AC . Let β be a root of the polynomial
x2 − Bx + AC , then Q(β) = Q(√D ). Since p ramiﬁes in Q(√D ), then there exists an integer x0 ∈
{1,2, . . . , p − 1} such that x20 − Bx0 + AC ≡ 0 mod p. Also, p does not divide A, so there exists
k0 ∈ {1,2, . . . , p − 1} such that x0 ≡ Ak0 mod p. Hence, C+k
2
0 A−k0B
p is an integer. Again as in (i), we
deduce that
(B − 2k0A)2 − D = 4pA
(
C + k20A − k0B
p
)
,
and that pA  C . It follows that max{pA, C+k20 A−k0Bp } C which implies that
C < p
√ |D|
3
. 
3. Real quadratic ﬁelds and reduced elements
Let K be a real quadratic ﬁeld and D its discriminant. The set of reduced elements in K is deﬁned
to be
ΛD =
{
α = b +
√
D
2a
: b2 − 4ac = D, α > 1, −1< α′ < 0, a,b, c ∈ Z
}
where α′ is the conjugate of α and
√
D > 0.
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Example 3.1. The real quadratic ﬁeld K = Q(√635 ) has discriminant D = 2540 and a smallest
generator α = 15+
√
635
10 with minimal polynomial f (x) = 10x2 − 30x − 41 and height H(α) = 41.
Calculations show that among the reduced elements, β = 25 + √635 with minimal polynomial
f (x) = x2 − 50x− 10, has the smallest height H(β) = 50.
Example 3.1 shows that there are real quadratic ﬁelds with no reduced elements with minimal
height. However, Ruppert (see [6]) proved the following theorem.
Theorem 3.1. If α is a generator of a real quadratic ﬁeld K with discriminant D such that H(α) 0.48
√
D,
then one of the following elements α, −α, α′ , −α′ is reduced.
We prove in Theorem 3.2 that 0.48 can be improved to 12 and in Theorem 3.3 that this bound is
sharp for all real quadratic ﬁelds K .
Theorem 3.2. If α generates a real quadratic ﬁeld with discriminant D and H(α) 
√
D
2 , then one of the
elements α, −α, α′ , −α′ is reduced.
Proof. Let K be a real quadratic ﬁeld of discriminant D and α a primitive element of K with minimal
polynomial f (x) = ax2 − bx + c where a,b, c ∈ Z and such that H(α) 
√
D
2 . Then there exists an
integer n ∈N such that b2 − 4ac = n2D . Since H(α)
√
D
2 , then n
2D  5( 12 )2D and hence n = 1. Then
α = b+
√
D
2a , and α
′ = b−
√
D
2a . We suppose without loss of generality that b > 0 (because otherwise
we change α to −α by multiplying b by −1). Since D = b2 − 4ac < 14 D − 4ac, then 3D < −4ac,
and a and c have opposite signs. We suppose without loss of generality that a > 0 and c < 0 (because
otherwise we multiply the minimal polynomial f (x) = ax2−bx+c by −1 to have −a > 0 and −c < 0).
Since H(α)
√
D
2 , then
b+√D
−2c > 1, and
b2 − D
−2c(b − √D ) =
b + √D
−2c ·
b − √D
b − √D > 1.
Hence,
−2a
b − √D > 1,
which means that −1α′ = −2ab−√D > 1, i.e., −1< α′ < 0. Then α is reduced. 
We prove in the following theorem, that the bound 12 is sharp for all real quadratic ﬁelds K .
Theorem 3.3. For every  > 0, there exist inﬁnitely many real quadratic ﬁelds K with discriminant DK > 0
and a generator α of K =Q(√DK ) such that
H(α) <
(
1
2
+ 
)√
DK
and none of α, −α, α′ and −α′ is reduced.
Proof. It is well known (see [2]) that there are inﬁnitely many integers y such that y2 − 1 is square-
free. Clearly, those y are all even. If y is odd, let y = 2k+ 1. Then y2−14 = k2 − k, which is square-free
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2−1
4 is square-free for inﬁnitely many values of y. For
those y, let
D =
{
y2 − 1 if y ≡ 1 mod 2,
4(y2 − 1) if y ≡ 0 mod 2.
Let f y(x) be as follows:
f y(x) =
{ y+1
2 x
2 − y−12 if y2 − 1 ≡ 0,1 mod 4,
(y + 1)x2 − (y − 1) if y2 − 1 ≡ 0,1 mod 4.
Let α be a root of f y(x). Then H(α) = y+12 if D = y2 − 1 and H(α) = (y + 1) if D = 4(y2 − 1).
Given  > 0, choose y such that
1
2(y − 1) <  + 
2.
There are inﬁnitely many such y. Then,
1
2
< (y − 1)( + 2),
hence
1
4
+ 1
4
< y + y2 −  − 2,
which implies that
(y + 1)
4
<
(
1
2
+ 
)2
(y − 1).
Then
(y + 1)2
4
<
(
1
2
+ 
)2(
y2 − 1).
Hence
y + 1<
(
1
2
+ 
)√
4
(
y2 − 1)
i.e., H(α) < ( 12 + )
√
D . On the other hand, α = −b+
√
D
2a =
√
D
y+1 =
√
y2−1
y+1 < 1 and α > 0. Then α is
not reduced. We have −1< b−
√
D
2a = −
√
y2−1
y+1 < 0. Hence, none of the elements α, −α, α′ and −α′ is
reduced. 
Example 3.2. Let a be such that a(a−1) is square-free. There are inﬁnitely such a’s. Let D = 4a(a−1).
Then K = Q(√D ) has discriminant D . Let fa(x) = ax2 − (a − 1). Then α =
√
4a(a−1)
2a is a root of fa(x)
and K = Q(α). It is easy to verify that H(α) = a < 12
√
D + 1 and none of α, −α, α′ and −α′ is
reduced. Then the bound 12
√
D in Theorem 3.2 is the best possible.
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Theorem 3.4. Let K be a real quadratic ﬁeld with discriminant D such that D + 1 is not a square. Then if α is
a generator of K such that H(α)  12
√
D	 + 1, then one of α, −α, α′ and −α′ is reduced.
Before proving Theorem 3.4, we need the following lemma.
Lemma 3.5. 1α is reduced if and only if −α′ is reduced.
Proof. Easy. 
Proof of Theorem 3.4. If H(α) <  12
√
D	 + 1, then H(α)  12
√
D , which implies using Theorem 3.2
that one of the elements α, −α, α′ and −α′ is reduced. Then suppose that H(α) =  12
√
D	 + 1.
Let f (x) = ax2 − bx + c be the minimal polynomial of α. Then H(α) = max(|a|, |b|, |c|). Hence,
b2 − 4ac = n2D , which clearly implies that n = 1, i.e., b2 − 4ac = D . It is easy to see that a and c have
opposite signs. Without loss of generality, suppose that |a| |c| (because otherwise we change α to 1α
and use Lemma 3.5). We suppose as well that a > 0 and c < 0 (because otherwise we multiply f (x)
by −1), and that b 0 (because otherwise replace α by −α). Then H(α) = max(a,b).
1. If H(α) = b, then 12 ba  12 and 12
√
D
a >
1
2 . Hence, α = b+
√
D
2a > 1.
(i) If 2a   12
√
D	 + 1, then b = H(α) > 12
√
D and 2a > 12
√
D . Then b + 2a > √D , where upon
−1< α′ = b−
√
D
2a < 0. Then α is reduced.
(ii) If 2a <  12
√
D	 + 1, then 2a  12
√
D	 < 12
√
D , and 2|c| 2a < 12
√
D . Hence, 4a|c| < D4 , which
implies that
D = b2 − 4ac <
(⌊
1
2
√
D
⌋
+ 1
)2
+ D
4
.
Then
D = b2 − 4ac <
(⌊
1
2
√
D
⌋)2
+ 2
⌊
1
2
√
D
⌋
+ 1+ D
4
,
which leads to
D <
D
4
+ 1+ √D + 1+ D
4
= D
2
+ √D + 1< D, if D = 5
which is a contradiction. If D = 5, then 2a <  12
√
D	 + 1 implies that a = 0, which is again a contra-
diction.
2. If a = H(α) =  12
√
D	 + 1.
(i) If b /∈ {0,1}, then b + √D  2 + √D > 2a. Hence α = b+
√
D
2a > 1. On the other hand, we have
b + 2a >√b2 + 4|a||c| = √D . It follows that −1< α′ = b−√Da < 0 and then α is reduced.
(ii) If b = 0, then −4ac = D , hence a = −c since D4 is square-free. Then |c| a − 1. If |c| = a − 1,
then D = −4ac = 4a(a − 1) = 4a2 − 4a. Hence 4a2 − 4a − D = 0, which implies that a = 1+
√
D+1
2 .
It follows that D + 1 = y2, but this is the case excluded in the theorem. Then |c|  a − 2. Hence,
−c  a − 2< 12
√
D + 1− 2 = 12
√
D − 1. Then
0< −ac <
(
1
2
√
D + 1
)(
1
2
√
D − 1
)
= D
4
− 1.
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D = −4ac < D − 4,
which is impossible.
(iii) If b = 1, then 1− 4ac = D . If |c| = a, then 1+ 4a2 = D . Hence a =
√
D−1
2 <
√
D
2 <  12
√
D	 + 1,
which is a contradiction. If |c| = a− 1, then c = 1− a and 1+ 4a(a− 1) = D . Hence a2 − a− D−14 = 0,
which implies that 1+ 4( D−14 ) = D is a square which is impossible. Then |c| a − 2 =  12
√
D	 − 1 <
1
2
√
D − 1. Since a < 12
√
D + 1, then
−4ac < 4
(
1
2
√
D − 1
)(
1
2
√
D + 1
)
= D − 4.
Hence D = 1− 4ac < D − 3, which is a contraction. 
Remark 1. Example 3.2 and Theorem 3.4 indicate that for particular discriminants there could be
better bounds for H(α).
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